Abstract. In this article, we deal with the properties of the spherical Hall algebra U Coh D (X) of coherent sheaves with D-parabolic structures on a smooth projective curve X of abitraty genus g and a given effective divisor D. We provide a shufflelike presentation of U > Coh D (X) and show the existence of some kind of "universal" spherical Hall algebra of genus g. We also prove the algebra U Coh D (X) contains the characteristic functions on all the Harder-Narasimhan strata.
0. Introduction 0.1. The Hall algebra approach to quantum groups developed since around 1990 is based on a deep relationship between simple or affine Lie algebras and certain finite-dimensial hereditary algebras. More precisely, let g be a Kac-Moody algebra, and let Γ be its Dynkin diagram. Ringel proved in [R] that the Hall algebra H Rep F l Q of the category of representations, over a finite field F l , of a quiver Q whose underlying graph is Γ provides a realization of the "positive part" U + v (g) of the Drinfeld-Jimbo quantum group associated to g, where v = l −1/2 . This result was the starting point of Lusztig's geometric construction of the canonical basis of U + v (g), see [Lu] .
0.2.
Another natural example of a hereditary category is provided by the category Coh(X) of coherent sheaves on a smooth projective curve X. Let Bun r (X) be the set of isomorphism classes of rank r vector bundles on X and AF r be the space of all complex valued functions on Bun r (X). A classical observation of A. Weil provides us an expression of Bun r (X) as the double coset space
where F l (X) is the function field of X, A X its ring of adèles and O X ⊂ A X the ring of integer adèles and functions in AF r can be regarded as unramified automorphic forms on GL r (A X ). In the remarkable paper [Kap] , Kapranov initiated the systematic study of the spaces AF r using the language of Hall algebras: H Bun(X) is the direct sum over r of AF r equipped with an associative product and coassociative coproduct via the convolution diagram
Bun r (X)
where Bun r (X) stands for stack classifying the inclusions F ⊂ G of a vector bundle F of rank s into a vector bundle G of rank r over X. The algebra H Bun(X) is generated by all cuspidal functions; Kapranov translated the functional equations satisfied by Eisentein series associated to such pairs of cuspidal functions into commutation relations between the corresponding generators. Such commutation relations bear a resemblance with those appearing in Drinfeld's loop-liked realization of quantum affine algebras [Dr1] .
The classical Hecke operator associated to a point x ∈ X on automorphic forms is translated by the multiplication with the characteristic function of the corresponding torsion sheaf. These Hecke operators naturally form a commutative subalgebra of the Hall algebra H Coh(X) which can be identified with the Hall algebra H Tor(X) of the category of torsion sheaves of X, and we might call it the global Hecke algebra.
When X = P 1 , by a theorem of Grothendieck [Gro] , any indecomposable vector bundle is a line bundle. Using this we can easily show that there are no cusp functions of rank > 1. Kapranov's result (see also [BK] for more details) provides an embedding from the Drinfeld's subalgebra U v (Ln) ⊂ U + v ( sl 2 ) of "loops in the nilpotent radical of the Borel"into the Hall algebra H Bun(X(F l )) . The Hall algebras H Bun(X) as well as H Coh(X) are also explicity described when X is an elliptic curve, see [BS2] , [Fra] . In this case they are related to double affine Hecke algebras, see [SV2] . 0.3. Rather than consider higher genus smooth projective curves, Schiffmann and Burban also study the (spherical) Hall algebra of the category of coherent sheaves on certain "noncommutative smooth projective curves ", called weighted projective lines, introduced by Geigle and Lenzing [GL] . In [S2] , Schiffmann constructs, analogously to the works of Ringel and Kapranov, a natural embedding U v (Ln) ֒→ H Coh(Xg) of certain "positive part " of U v (Lg) into the Hall algebra of a suitable weighted projective line X g . In particular, this yields a geometric realization of the quantum toroidal algebras of types D , E 6 7(1, 1) and E (1,1) 8 . 0.4. Let us come back to the case when the genus g > 1. Now the functional equations are no longer enough to give a presentation of H Coh(X) . However, if we restrict our attention to a natural subalgebra U > X of H Bun(X) generated by cuspidal functions of rank one, the algebra U > X can be also described combinatorially in terms of shuffle algebras, see [SV2] . One nice feature of such presentation is that U > X possesses an integral (or a generic) form U > Rg over the representation ring R g = Rep T g of the torus T g = {(η 1 , . . . , η 2g ) ∈ (C × ) 2g | η 2i−1 η 2i = η 2j−1 η 2j , ∀i, j}.
Schiffmann and Vaserrot had also shown that the generic spherical Hall algebra U > Rg of a fixed genus g is in correspondence with the convolution algebra in the equivariant Ktheory of the Hilbert Scheme the stacks Loc r X C parametrizing the local systems on X C of rank r, supported in the formal neighborhood of the trivial local systems on a complex curve X C of genus g. Such a correspondence is indeed expected of Beilinson and Drinfeld's version (c.f. [Dr2] ) of the geometric Langlands correspondence. 0.5. In this paper, we study the spherical Hall algebras of coherent sheaves on higher genus curves with (quasi)-parabolic structures hence completing the picture. Let X as before be a smooth projective curve defined over a finite field F l . Fix a finite subset S ⊂ X of F l -rational points and an effective divisor D = p∈S w p p. By definition a (quasi)-parabolic vector bundle (E, V
• ) on (X, D) is a vector bundle E on X equipped with a collection of complete flag of subspaces of the stalks at all points in S:
This can be also described as a collection of vector bundles E • = (E, E (i,p) ) p∈S,1≤i≤wp−1 such that:
E ⊂ E (1,p) ⊂ · · · ⊂ E (wp,p) = E(p)
which can be generalized to coherent sheaves: one only need to replace "⊂" by arbitrary maps "→" and to add the condition that the induced maps E (i,p) → E (i,p) (p) are the natural ones.
Let w = {w p } p∈S and Coh w,S (X), Bun w,S (X), Tor w,S (X) respectively be the category of coherent sheaves, vector bundles and torsion sheaves respectively with parabolic structures associated to (S, D). The category Coh w,S (X) is known to be hereditary. In the case that X = P 1 , Coh w,S (P 1 ) is equivalent to the category Coh(X w,S ) of coherent sheaves over the corresponding weighted projective line X w,S .
For every parabolic coherent sheaf F
• ∈ Coh w,S (X) we can associate its class in the numerical Grothendieck group K S := K ′ (Coh w,S ) given by (rank F • , deg(F • )), here the degree deg(F • ) of a parabolic coherent sheaf is defined as the collection (deg F (i,p) ) p∈S,0≤i≤wp−1 . For a class α = (r, d) ∈ K S , let Bun > := U Bun w,S (X) is defined to be the subalgebra of H := H Coh w,S (X) generated by 1
0.6. It is easy to see that, by definition of a parabolic vector bundle, the set Bun
We call a the dimension type of α = (1, d) ∈ K S . We denote by D 1 the set of dimension types a such that Bun
x and we denote by 1
Then we have an isomorphism between the algebra U > ( x) and the spherical Hall algebra U > X of coherent sheaves without extra structures on X which already has a nice presentation in terms of shuffle algebras mentioned above. 0.7. In order to describe the whole spherical Hall algebra U > , we consider the vector space
p } p∈S ]/J and J is generated by t wp p − t wfor all p, q ∈ S. we define the operators Γ w,S (t; x) associated to a sequence x ∈ p∈S Z/w p Z r on V as follows:
for all p ∈ S and x ∈ p Z/w p Z, we set
For r ≥ 1 and x ∈ p∈S Z/w p Z r , we put
where π( x i − x j ) denotes its canonical form in p Z/w p Z. We define an aglebra structure on V with the multiplication defined on the homogenous components
ζ X (v 2 t) and Sh r,s ⊂ S r+s stands for the set of all (r, s)-shuffles and extended linearly to the whole V. Its coalgebra structure is given as (2.29). Let us denote the subalgebra S w,S h(t) of F w,S h(t) generated by the degree one component F
Our main result shows that the spherical Hall algebra U + is isomorphic to the subalgebra S
0.8. Observe from such shuffle-like presentation of U > that the strucutre of spherical Hall algebra only depends on the genus g of the curve X and the marked points (w, S). We provide the existence of the generic form U > w,S,Rg over R g as [SV2] in the sense that there exists a specialization map U > w,S,Rg → U > w,S,X to the spherical Hall algebra U > w,S,X of a fixed curve X of genus g X = g. Recall that Drinfeld also proved an analogue geometric Langlands correspondence for local systems of rank 2 with unipotent ramification at a finite set of points S ⊂ X(F l ). In this case the corresponding automorphic forms should be defined on the space
is the subgroup of matrices which are upper triangular mod x. Similar to (0.1), we have
We conjecture that the generic spherical Hall algebra U > S,Rg is isomorphic to the convolution algebra of equivariant K-theory on the trivial local systems with D-parabolic structure on a complex curve X C . 0.9. One of the common exposition to study the vector bundles on a smooth projective curve relies on the work of Narasimhan and Seshadri (see [Se] ) by the concept of (semi)-stability. Mehta and Seshadri also introduced similar notion for the parabolic vector bundles (see [MS] , [Se] ) by attaching "weights " to the terms in flags. As a first step towards understanding the higher genus spherical Hall algebras of parabolic coherent sheaves, we prove that, following the strategy in [S4] , the characteristic functions of all the Harder-Narasimhan stratra belong to U. Recently Schiffmann provides an explicit polynomial in the Weil numbers for counting the number of indecomposable vector bundles of a fixed rank r and degree d, see [S5] . His approach also suits the case of vector bundles with parabolic structures. The subjet will be of a companion paper.
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Parabolic coherent sheaves on smooth projective curves
In this paper we fix a smooth projective curve X defined over some finite field k = F l except the Section 2.7.
1.1. Some notations and generalities on coherent sheaves. We fix a smooth projective curve X defined over some finite field k = F l and its category of coherent sheaves Coh(X). It is of global dimension one, and by a classical theorem of Serre we have dim Hom(F , G) < ∞ and dim Ext 1 (F , G) < ∞ for any two sheaves F and G. Thus Coh(X) is finitary. Note that sometimes we omit the X since the curve is always fixed and we write Ext(F , G) = Ext 1 (F , G). Let ω X = T * X be the canonical bundle of X, and let g X = dim H 0 (ω X ) be the genus of X. The Serre duality is a functorial isomorphism
X , F ) for any coherent sheaves F and G.
We denote by X = X× Spec k Spec k the extension of scalars of X to the algebraic closure. The Galois group Gal(k/k) acts on the set of all points X(k). By a closed point of X we will mean a Gal(k/k)-orbit of points in X(k). The degree deg(x) of a closed point x ∈ X is the number of elements in the associated orbit. Equivalently, if O X,x stands for the local ring at x and if k x = O X,x /m x is the residue field, then deg(
For any d ≥ 1, let X(F l d ) be the set of F l d -rational points of X. The Galois group Gal(F l d /F l ) acts on X(F l d ) and orbits correspond to the closed points whose degree is a divisor of d. We have
n where the sum is over the closed points of X.
Let us fix a prime number p = l and consider the p-adic cohomlogy group
Let F r denote the geometric Frobenius. It acts on H i (X, Q p ), and we denote by α 1 , . . . , α 2g X its eigenvalues in H 1 (X, Q p ). We will fix once and for all an embedding Q p ⊂ C and consider α 1 , . . . , α 2g X as complex numbers. It is known that all the α i are algebraic numbers satisfying |α i | = l 1/2 and these may be reordered in such a way that α i α 2g X −i = l for all i. The number of points in X(F l k ) may be expressed in terms of these Frobenius eigenvalues as
A convenient way to formulate the above is to introduce the zeta function
Any coherent sheaf F has a canonical torsion subsheaf T ⊂ F and canonical quotient vector bundle E = F /T . Moreover the exact sequence 0 → T → F → E → 0 splits, i.e., any coherent sheaf can be decomposed as a direct sum F = E ⊕ T .
Let Tor(X) stand for the full subcategory of Coh(X) consisting of torsion sheaves. It decomposes into a direct product of blocks Tor(X) = q∈X Tor q where q ranges over the set of closed points of X and Tor q is the category of torsion sheaves supported at q. This category is Morita equivalent to the category of finite-dimensional modules over the local ring O X,q at q which by smoothness of X is a discrete valuation ring. In particular, the skyscraper sheaf at q, denoted also by O X,q , is the unique simple sheaf supported at q and more generally for each positive integer n, there is a unique indecomposable torsion sheaf O (n) X,q . By Krull-Schmidt theorem, any isomorphism class of torsion sheaf supported at q is in bijection with the set of all partitions via
The rank of a coherent sheaf F is the rank of its canonical quotient vector bundle E. The degree of a sheaf is the only invariant satisfying deg
and which is additive on short exact sequences. Let Pic(X) be the Picard group of line bundles on X. The kernel of the degree map Pic(X) → Z is denoted by Pic 0 (X) which is a finite abelian group.
One consequence of the Serre duality is that for any T ∈ Tor(X) and E ∈ Bun(X), we have
for any closed point q ∈ X and there is a unique line bundle extension of O X,q by O X which we denote by O X (q).
Let K(X) = K(Coh(X)) be the Grothendieck group of Coh(X). The degree map descends to a group homomorphism deg : K(X) → Z which satisfies deg(O X (q)) = deg(q) for all q ∈ X. Together with the rank, these define a natural morphism
The Euler form factors through the map φ and Riemann-Roch theorem tells us
In fact the kernel of φ is precisely equal to the kernel of the Euler form. Thus Z 2 can be considered as the numerical Grothendieck group of Coh(X).
1.2. Parabolic Coherent sheaves.
1.2.1. The category of w-cycles. Fix a smooth projective curve X defined over some finite field k = F l and its category of coherent sheaves Coh(X). Following [Len] , given a closed point p ∈ X and a positive integer w p , a w p -cycle F
• concentrated in p is a diagram of objects
• between two w p -cycles concentrated at the same point p is a sequence of morphisms u i :
which is w p -periodic, i.e., u i+wp = u i for each i and such that each diagram
commutes. We denote by Coh wp,{p} (X) the category of all w p -cycles concentrated at p. Note that if the sheaf F (i,p) is not torsion free at p for some i, then the natural map
is not injective, hence at least one of the φ • is not injective. By the same argument we can see that all the φ (i,p) are isomorphisms on X \ {p} and all the F (i,p) have the same generic rank. Thus we define the rank of F • as the rank of F (0,p) .
We call a w p -cycle E • concentrated at p locally free if E (i,p) is locally free for all i ∈ Z. In this case we may hence interpret the w p -cycle E
• as a filtration
equivalently as a filtration
In other word, a locally free w p -cycle E
• concentrated at p is nothing but a vector bundle E = E (0,p) with a (quasi-)parabolic structure of length w p at p in the sense of Mehta and Seshadri(see [MS, Se] ). Hence the elements in the category Coh wp,{p} (X) can be thought as a notion of coherent sheaves with parabolic structure of length w p at p.
It is obvious that Coh
wp,{p} (X) is an abelian category, where the kernel and cokernel of a morphism can be defined componentwise. The compatibilities thus follows from the corresponding ones of Coh(X). Moreover we have a full exact embedding
We can therefore identify Coh(X) with the resulting exact subcategory of Coh wp,{p} (X).
Conversely, there are natural exact functors (−)
These two functors (−)
• and (−) (j,p) satisfy the following adjuntion properties:
Note that Coh wp,{p} (X) is equipped with a natural shift automorphism
by sending a w p -cycle
On the other hand, there is a natural action of the Picard group Pic(X) of Coh(X) on Coh wp,{p} (X) by
Clearly these two kinds of automorphisms on Coh wp{p} (X) commute with each other and satisfy the relation τ
1.2.2. Parabolic coherent sheaves. Now, let us fix a finite (non-empty) set of closed points(of degree one for simplicity) S = {p 1 , . . . , p N } ⊂ X and w = {w p } p∈S a collection of positive integers. We define the category Coh w,S (X) inductively as follows: set Coh 0,∅ (X) = Coh(X) and let Coh i (X) be the w pi -cycle category obtained from Coh
by inserting weight w pi in p i . We define Coh w,S (X) := Coh N (X). Or equivalently, an
is the natural morphism for all a ∈ Z S and p ∈ S, where ǫ p is the canonical basis of Z S . A morphism between two objects F • and G • in Coh w,S (X) is defined in the obvious way. In fact, the category Coh w,S (X) is equivalent to the category of coherent sheaves X with w-step parabolic structure on S defined by Heinloth in [Hei] . We might as well call an object F
• in Coh w,S (X) a parabolic coherent sheaf on X. We have the following Lemma: 
For F
• ∈ Coh w,S (X), by the same argument as the w p -cycles case, all the F a have the same generic rank. We define the rank of F
• to be the rank of F 0 . A parabolic coherent sheaf F
• is called locally free or a vector bundle if all the F a are locally free and
, the middle terms of the diagram (1.9) are determined by its frame since the requirement of the composition maps
1.2.3. Automorphisms. Coh w,S (X) is equipped with the natural Z S -action as the shift automorphisms a : Coh
The Picard group Pic(X) of Coh(X) also acts on Coh w,S (X) as automotphisms:
Clearly these two actions commute and satisty the relations
1.2.4. The constant parabolic sheaf. We say a parabolic coherent sheaf
• is of the form (1.11)
for some coherent sheaf F ∈ Coh(X) and we denote by (F )
• such a parabolic sheaf. The category Coh(X) of coherent sheaves over X can be embedded into Coh (w,S) (X) by sending a coherent sheaf F to the constant parabolic sheaf (F )
• . Conversely there is a natural
These two kinds of functors (−)
• and (−) a again satisfy the following adjunction properties:
and
where
Similarly the extension spaces of a parabolic coherent sheaves F
• by a parabolic constant sheaf (G)
• for some G ∈ Coh(X) have the same adjunction formulas
A direct consequence of the usual Serre duality and the adjunction properties is that for any G ∈ Coh(X), we have
Then we have the following analogue Serre duality:
is locally free and of rank 1. Let Pic w,S (X) be the set of all parabolic line bundles. Contrast with Pic(X), the set Pic w,S (X) is not obviously a group. However, we can describe Pic w,S (X) as follows: Let L(w) be the rank one abelian group on generators { x p | p ∈ S} subject to the relations (1.14)
w p1 x p1 = w p2 x p2 = · · · = w pN x pN =: c.
Clearly Pic w,S (X) is stable under the action of Pic
and hence the orbit space Pic
where we denote by x p again the image of x p under the projection π : L(w) ։ p∈S Z/w p Z.
1.2.6. Parabolic Torsion Sheaves. We denote by Tor w,S (X) the subcategory of Coh w,S (X) consisting of parabolic torsion sheaves. As in the usual case, it splits into a direct product of blocks Tor
where Tor w,S q (X) is the subcategory of parabolic torsion sheaves supported at a single point
, then all T a are isomorphic and thus
• . Thus the category Tor w,S q (X) is equivalent to the category Tor q (X) of torsion sheaves without extra structure supported at a single point q ∈ X, and hence equivalent to the category O X,q -Mod of finite-length modules over the local ring O X,q of q, a discrete valuation ring. If q ∈ S, any indecomposable parabolic torsion sheaf supported at q will be of the form O
wq ⌉ is the smallest integer bigger than k wq . To be more explicity described, let C n denote the quiver of type A
(1) n−1 with cyclic orientation. We also let C 1 be the Jordan quiver, i.e., the quiver with one vertex and one arrow. A representation of C l over a field k is a collection of k-vector spaces V i with i ∈ Z/nZ together with a collection of linear maps
The set of isomorphism classes of indecomposable nilpotent representations of C 1 over k is in bijection with N * and we denote by |n) the class of the indecomposable representation of dimension n. The set of isomorphism classes of representations is thus in bijection with the set Π of all partitions via the assignment
give rise to a Morita equivalence of Tor w,S q and the category of nilpotent representations of the quiver C 1 over k q . Now, consider the quiver C n for n > 1. Denote by {ǫ i } i∈Z/nZ the canonical basis of Z Z/nZ . For each i ∈ Z/nZ and k ∈ N , define the cyclic segment [−i; k) to be the image of the projection to Z/nZ of the segment [i
The isomorphism classes of representations (resp. indecomposable representations) of C n over k are in bijection with the set of cyclic multisegments (resp. cyclic segments). For q ∈ S, the assignment O
give rise to a Morita equivalence between Tor w,S q and the category of nilpotent representations of C wq over the field k q .
To summarize, we have the following properties:
(1) Any parabolic torsion sheaf is a direct sum of sheaves of the form
• and q / ∈ S.
(b) There is a p 0 ∈ S and 0 ≤ i 0 < w p0 such that T
Remark. Note that the notations O
•,(j)
X,p (iǫ p ) are compatible with the notion of the Z Saction and the Z S -action on Tor w,S (X) factors through p∈S Z/w p Z.
1.2.7. Some homological consequences. We have the following lemma due to Heinloth:
• be a parabolic torsion sheaf and E • a parabolic vector bundle. Then:
(
In other words, the dimension of the spaces of morphisms and extensions between two parabolic coherent sheaves only depends on their ranks and multi-degrees. We might as well interpret the numerical Grothendieck group
. We denote by K + ⊂ K the subset of K consisting of the classes of parabolic coherent sheaves.
Proof. By adjointness of the functors (−)
• and (−) 0 , we have
Hence the Euler form can be computed by Riemman-Roch
By lemma 1.3 or again by adjointness of functors, we have
The lemma follows.
2. The Hall algebra of parabolic coherent sheaves 2.1. Reminders on Hall algebras. We briefly recall here the definition of a Hall algebra of a finitary abelian category for reader's convenience and refer to [S1] for its standard properties. We will say an abelian category A f initary if for any two objects F and G of A all the groups Ext i (F , G) have finite cardinality and are zero for almost all i. For instance any abelain category A which is linear over some finite field k and which satisfies dim Ext i (F , G) < ∞ is finitary.
For a k-linear abelian category A we denote by K(A) its Grothendieck group, defined over Z. If A is of finite global dimension then we may consider the Euler form
Note that the Euler form only depend on the classes of M and N in the Grothendieck group and thus it descends to a form , :
Our only interest here is in the case when A is finitary, abelian and of global dimension one. Let I be the set of isomorphism classes of objects of A. Let us choose a square root v of l −1 . As a vector space we have
where 1 F denotes the characteristic function of F ∈ I. The multiplication is defined as
and the comultiplication is
where X ξ is the extension of N by M corresponding to ξ. Note that the coproduct may take values in a completion H A⊗ H A of the tensor space H A ⊗ H A only. The Hall algebra is graded by the class in the Grothendieck group. We will sometimes write ∆ α,β in order to specify the graded components of the coproduct.
The Hall algebra H A will become a (topological) bialgebra if we suitably twist the coproduct. To do this, let K = C[K(A)] be the group algebra of K(A) and for any class α ∈ K(A) we denote by κ α the corresponding element in K. We define an extended Hall algeba H A = H A ⊗ K with relations
where F denote the class of F in K(A). The new coproduct is given by the formulas
Then H A is a topological algebra. Finally, let
be the Green's Hermitian scalar product defined by
This scalar product is a Hopf pairing, i.e.,
The restriction of ( , ) G to H A is nondegenerate.
Finally, for any class γ ∈ K(A), we set
where the sum ranges over all objects M of class γ. This sum may be infinite for some categories, so strickly speaking 1 γ belongs to the formal completion H A of H A . The coproduct extends to a map ∆ : H A → H A ⊗H A . We have the following useful lemma Lemma 2.1. [S1, Lemma 1.7] We have
2.2. The Hall algebra of Coh(X). We collect in this section a few facts about H X := H Coh(X) and its extended version which can be found, e.g., in [SV2] .
2.2.1. The decomposition of Tor(X) = q∈X Tor q gives rise to a decomposition at the level of Hall algebras
It is well-known that H Tor q is commutative and cocommutative: it is isomorphic to the classical Hall algebra defined over the residue field k q , and is therefore identified with the algebra of symmetric functions :
e r,q → e r where e r,q :
S∞ is Macdonald's ring of symmetric functions, {e r } r∈N * denotes the elementary symmetric polynomial. Under this identification, for any λ = (λ 1 , . . . , λ r ) ∈ Π, the element 1
), where n(λ) = j (j − 1)λ j and P λ (t) is the Hall-Littlewood polynomial. Let p r ∈ Λ be the power-sum symmetric function and set
Here as usual
is the q-integer. The classical theory of symmetric functions(c.f. [Mac] ) tells us
For d ≥ 1, we set
and we define the elements
We set also 1 0,0 = T 0,0 = θ 0,0 = 1.
Lemma 2.2. [S1, Example 4.12, Lemma 4.50, Lemma 4.51] The following hold for all
. . ], i.e., the commuting elements 1 0,d for d ≥ 1 are algebraically independent. The same holds also for the collections of generators {T 0,d } and {θ 0,d }.
2.2.2.
Because the sub-category Bun(X) of Coh(X) is exact and extension-closed it gives rise to a subalgebra H Bun(X) of H X . However, this subalgebra is not stable under the coproduct ∆.
be the set of all line bundles over X of degree d. Set
Denote by U > X the subalgebra of H X generated by {1
The spherical Hall algebra of X is the subalgebra U X of H X generated by U 0 X and U > X . We define U X as the subalgebra of H X generated by K X and U X . It is known to be a topological sub-bialgebra of H X (c.f. [SV1, Section 1]). We also set U 0
Since Ext(E, T ) = 0 and Hom(T , E) = 0 for any vector bundle E and torsion sheaf T , it follows that
Moreover, any coherent sheaf F is isomorphic to a direct sum E ⊕ T in a unique fashion. Hence the multiplication map yields isomorphims
Finally, since T is the only torsion subsheaf of E ⊕ T of degree d = deg(T ), we may use (2.2) to define a projection ω : H X → H Bun(X) which satisfies
.
2.3. The Hall algebra of Coh w,S (X). Let H := H Coh w,S (X) (resp. H := H Coh w,S (X) ) be the Hall algebra(resp. extended Hall algebra) associated to the category Coh w,S (X). The functor (−)
• : Coh(X) → Coh w,S (X) induces an embedding of H X into H as a subalgebra.
Clearly it holds also for the extended Hall algebras H X ⊂ H. The Hall algebras H and H have similar features as H X and H X do. The fact that the category Tor w,S (X) is a Serre subcategory of Coh w,S (X) implies that
The decomposition of Tor w,S (X) over points of X gives rise to a decomposition at the level of Hall algebras
If q / ∈ S, the equivalence Tor freely generated by any of the three sets {e r,q } r∈N * , {l r,q } r∈N * and {h r,q } r∈N * , where e r,q = Ψ(e r,q ), l r,q = f (r),q , h e,q = Ψ(h r,q ).
Follows from [S2] , the multiplication maps U 
Bun is a sub-algebra of H which is not stable under the coproduct ∆ S . The decomposition
defined by the multiplication map. We denote by ω be the projection H → H Bun , which is nothing but the restriction of functions on vector bundles.
For any x = d c + π( x) ∈ L(w), let Pic w,S x (X) be the subset of Pic w,S (X) consisting of all parabolic line bundles of type x with respect to the decomposition (1.15) and we set (2.5) 1
We may write 1
We define analogously the spherical Hall algebra of Coh w,S (X) to be the subalgebra U of H generated by U 0 and U > . Similarly for U S .
Some commutation relations.
Lemma 2.4. [BS, Lemma 5 .16] For p ∈ S, we set T
for 0 ≤ j < i < w p and n ∈ N. Then,
, if n > 0 Proposition 2.5.
where, write x = p∈S a p x p ∈ p∈S Z/w p Z, S ′ = {p ∈ S | a p = 0}.
Proof. Note that any parabolic line bundle L
Consider the canonical short exact sequence in Coh w,S (X)
Let us write S ′ = {p ∈ S | a p = 0} ⊂ S and (2.9)
• is surjective if and only if all its components are surjective. By the adjointness of (−)
• and (−) 0 , we have # Hom
and similarly # Hom
) and the sum is taken over all decomposition types (2.9). Now, using the formula of Lemma 2.4 and the fact(c.f. [S1, Example 4.12]) that (2.11)
where the second sum rangers over all distinct points x 1 , . . . , x m ∈ X and positive integers n 1 , . . . , n m such that Lemma 2.6. For any p ∈ S, 0 ≤ i < w p and 0 < j < w p , we have
Proof. Usint the equivalence Tor w,S p ≃ C wp , we are reduced to a computation in the context of quivers. Let us assume that i = 0. For any 1 ≤ k < j we have, from lemma 1.4,
(0) and the lemma follows by induction and shifting.
Lemma 2.7. For any p ∈ S, 0 ≤ i, k < w p , d ∈ Z, 0 < j < w p , we have the following relations:
otherwise .
Proof. Up to a shift, we can always assume the case d = k = 0. As explained in the proof of lemma 1.4, if i = 0, 1, we have
And it is also true for any (L)
Thus T
(1)
The same is true for any parabolic line bundle (L)
• with L ∈ Pic 0 (X) instead of O • and hence T
p (0). Similarly, for i = 1, we have
Therefore we have T
(1) (1) 
Now let us compute T
For the cases i < j < w p , we first compute the case j = i + 1. Using (2.12), we have
where the last equality holds since i = 0, w p − 1 in the cases. Finally, we only need to compute
where the third equality and the later ones hold since i < w p + i − j.
To summarize, we have
The lemma follows by shifting.
Lemma 2.8. Let d ∈ N, e ∈ Z and x, y, z ∈ p∈S Z/w p Z. Then ω(θ 0,d, x ( z)1 ss 1,e ( y)) does not vanish only if z p − y p ≡ x p mod w p for all p ∈ S. In this case, we have
Proof. Applying the lemma 2.7 to the expression of θ 0,d, x in the lemma 2.7, the necessary condition for ω(θ 0,d, x ( z)1 ss 1,e ( y)) = 0 is clear. So we assume that z − y = 0 and z p −y p ≡ x p mod w p for all p ∈ S. Then
2.5. The constant term map. Let us introduce the so-called constant term map as follows. For r ≥ 1, we set
and denote by J :
⊗r the sum of the maps J r . Writing
which coincides with the standard notion of constant term in the theory of automorphic forms(up to the factor (l − 1) −r ). Since the image of J r lies in (
Lemma 2.9. [SV2, Lemma 1.5] The constant term map J :
Let S r be the symmetric group on r letters. If w ∈ S r and P (z 1 , . . . , z r ) a function in r variables, then we set wP (z 1 , . . . , z r ) = P (z w(1) , . . . , z w(r) ). Let Sh r,s = {w ∈ S r+s | w(i) < (j) if 1 ≤ i < j ≤ r or r < i < j ≤ r + s} be the set of (r, s)-shuffles, i.e., the set of minimal length representatives of the left cosets in S r+s /S r × S s . For any w ∈ Sh r,s , write
Let us first compute explicitly the J 2 . For any z i = (z i,p ) p∈S ∈ p Z/w p Z for i = 1, 2, we set S z1− z2 = {p ∈ S | z 1,p − z 2,p = 0}. We have
where by definition (δ 1 , δ 2 ) is the standard bases of Z 2 and in above we have made use of the fact that ∆ is a morphism of algebras. Using (2.7) we get
where the sum is taken over all d 1 , . . . , d k ≥ 0 and x 1 , . . . , x k ∈ p∈S Z/w p Z. Thus the lemma 2.8 yields
where the sum is taken over all s 1 ≥ 0 and x 1 ∈ p∈S Z/w p Z. By Lemma 2.8, the summand will not vanish under ω if and only if x 1,p ≡ z 1,p − z 2,p mod w p for p lies in some subset S ′ ⊂ S z1− z2 and x 1,p = 0 for p ∈ S \ S ′ . For any subset S ′ ⊂ S z1− z2 , we have
Therefore (2.21) becomes 22) where
and let us denote by γ i the operator γ acting on the ith component of the tensor product. We also define γ p (1
for all p ∈ S and simillarly for γ i,p 's. Finally, we set
Using these notions and lemma 2.3, we can rewrite above as
. By (2.20) and the above computation for J 2 , we have
2.6. Shuffle presentation. Let h(t) ∈ C(t) be a fixed rational function. We consider the so-called shuffle algebra F h(t) as follows. As a vector space
and the multiplication is given by (2.27)
and the rational function h(t i /t j ) is developed as a Laurent series in t 1 /t 2 , . . . , t r−1 /t r . We equip also F h(t) with a coproduct ∆ :
Let S h(t) be the subalgebra of F h(t) generated by the degree one component
. Now let us consider another shuffle algebra as follows. Let g(t) ∈ C(t) be a rational function. Again, for r ≥ 1, we put g(t 1 , . . . , t r ) = i<j g(t i /t j ). Denote by
Sr , P (t 1 , . . . , t r ) → w∈Sr wP (t 1 , . . . , t r ) the standard symmetrization operator and consider the weighted symmetrization
. . , t r ) Sr , P (t 1 , . . . , t r ) → Sym r (g(t 1 , . . . , t r )P (t 1 , . . . , t r )).
Let A r be the image of Ξ r and A g(t) = C1 ⊕ r≥1 A r . We endow the space A g(t) with the structure of an associative algebra with the product defined as
where the product ranges of all the (i, j) with 1 ≤ i ≤ r and r + 1 ≤ j ≤ r + s. Note the by construction the algebra A g(t) is generated by the subspace
One can deduce from the above computations or [SV2, Proposition 1.6] with shifting that for any x ∈ p∈S Z/w p Z, the assignement
. Using the functional equation for zeta functions
The same is also true of t g X −1 k(t) for any function k(z) satisfying k(t) = k(t −1 ). It will be more convient to set
X (t −1 ).
We now fix the above choice for g X (t) and write A = A g X (t) . Then we have an algebra isomorphism U > ( x) ≃ A for all x ∈ p∈S Z/w p Z. Now, consider the group algebra C[L(w)] of L(w) which can be described as
where J is generated by t
for all i = j and we put t = t wp p for all p ∈ S. For any d ∈ Z and x ∈ p∈S Z/w p Z, we sometimes write
⊗r is the i-th position in the tensor product. We denote also by t i,p the i-th position of t p in the tensor product for all p ∈ S.
In order to give a similar shuffle-like presentation for U > , let us define the operators Γ w,S (t; x) associated to all sequences x = ( x 1 , . . . , x r ) ∈ p∈S Z/w p Z r as follows: for all p ∈ S and x ∈ prod p∈S Z/w p Z, we set
Now we define a shuffle-like(called weighted shuffle) algebra on the vector space
⊗r with the multiplication defined as and extended linearly to the whole F w,S h(t) . Its coalgebra structure is given as (2.29). Let us denote the subalgebra S Note that the algebra S w,S h(t) is just a shuffle-like algebra since Γ is not a rational function anymore but an operator which depends on the "weight" sequences a. However, if once we fix a weight sequence, the structure functions will become rational which is the best the author can get. The other remark is that, even we fix a weight sequence, the structure functions are not a ratio of some rational functions. The author doesn't know yet how to construct a similar algebra structure for A g(t) .
2.7. The generic form. Observe that the algebra U > =: U > w,S,X only depend on the genus g X , the Weil numbers α 1 , . . . , α 2g X of X, the number of marked points and their weights (w, S). It possesses a generic form in the following sense. Let us fix g ≥ 0 and consider the torus
The group
naturally acts on T g and the collections {α 1 , . . . , α 2g } defines a canonical element α X in the quotiant
Wg and K g be its localization at the multiplicative set generated by {l s − 1|s ≥ 1} where by definition l(α 1 , . . . , α 2g ) = α 2i−1 α 2i for any 1 ≤ i ≤ g. For any choice of smooth projective curve X of genus g X = g there is a natural map K g → C, f → f (α X ). We define, using the construction of F 
p∈S Z/w p Z, having the following property: for any smooth connected projective curve X of genus g X = g defined over a finite field k there is a specialisation morphism of Hopf algebras
3. Harder-Narasimhan stratas 3.1. Parabolic degree and the stability condition. Following [MS] , we can define the stability condition for the parabolic coherent sheaves by introducing the notion of parabolic degree. Let χ = (χ i,p ) p∈S,1≤i≤wp−1 be a collection of real numbers such that 0 ≤ χ wp−1,p < χ wp−2,p < · · · < χ 1,p < 1 for all p ∈ S. For any parabolic coherent sheaf
The parabolic slope of F • is defined as
If the above condition holds with < instead of ≤ then we say that F
• is stable. By definition the parabolic slope coincides with the usual notion of slope of a coherent sheaf without extra structure, i.e., any coherent sheaf F ∈ Coh(X) we have µ(F ) = µ χ ((F )
• ), where µ(
We will fix once and the rest of the section one particular χ with χ i,p = wp−i wp and write µ = µ χ but all the results of this subsection remain the same for other stability conditions. Let w = l.c.m.({w p } p∈S ) as before and we set χ S (F
Euler characteristic of Coh w,S (X). Then we have following analogue Riemann-Roch:
X ). Moreover, we have an analogue formula for the average Euler form
We denote by C ν the full subcategory of Coh w,S (X) whose objects are semistable parabolic sheaves of slope ν. As an example, we have C ∞ = Tor w,S (X). The fundamental properties of the categories C ν are listed below: Proposition 3.2. [Se, Proposition 11, Théorème 8 and 12, Chap. 3] The following hold: i) the categories C ν are abelian, artinian and noetherian, ii) Hom Coh w,S (X) (C ν , C µ ) = 0 if ν > µ, iii) any parabolic coherent sheaf F
• admits a unique filtration
is semistable for all i and
The filtration (3.3) is called the Harder-Narasimhan (or HN) filtration of F • and the factors F • . We also define the HN-type of
Note that the weight α := α 1 + · · · + α l of the HN-type of F
• is equal to F • . We will sometimes make use of the Harder-Narasimhan polygon of Figure 1 . A Harder-Narasimhan polygon of weight α.
Lemma 3.3. For any α ∈ K + S there exists only finitely many semistable parabolic sheaves of class α.
Stratification of HN-types.
We may stratify the set I S of all isomorphism classes of parabolic coherent sheaves over X by the HN-types and write I S = ⊔ α S α where α runs through the set of all possible HN-types, i.e. tuples α = (α 1 , . . . , α l ) with α i ∈ K + S and µ(α 1 ) < · · · < µ(α l ). If α = (α), then S α is the set of isomorphism classes of semistable parabolic sheaves of class α. Let us denote by 1 Sα ∈ H be the characteristic function of the set of parabolic sheaves of a fixed HN-type α. For α ∈ K + S , we will simply denote by 1 ss α the characteristic function of S α . Thus, by the uniqueness of HN filtration of a given parabolic sheaf we can easily deduce For the sake of convenience we also denote by jet n the canonical morphism 
is an idempotent morphism. Let us denote r n = 1 − jet n . Then any element h ∈ H S [α] can uniquely be written as jet n (h) + r n (h) where jet n (h) ∈ H ≥n and jet n (r n (h)) = 0. Thus, the space H[α] as a subset of H S [α] can be identified with the set of those sequences h = (h n ) for which r n (h n ) = 0 for n >> 0. We define (3.5)
In a similar way, for α, β ∈ K + S the sequence of vector spaces (
forms a projective system and we set (3.6)
As before as well, H[α] ⊗H[β]
can be identified with the space of all infinite sums
and (3.8)
Proposition 3.5. In the notation as above the following properties hold i) H S and H ⊗H are associative algebras, ii) For any α, β ∈ K
Proof. To show that the composition map
is well-defined, we need to show that for a fixed parabolic sheav F
• of class F • = α + β, there are finitely many exact sequence
such that H • = α and G • = β. To see this, let (γ 1 , . . . , γ r ) be the HN type of F • and set ν = µ(γ 1 ). We claim that any quotient sheaf H
• of F • belongs to Coh In a similar way, the map 
The proof for the property ii) is completely analogous.
3.3. Characteristic functions of semistables. Consider the elements
where the second sum ranges over all isomorphism classes of locally free parabolic sheaves of class α. Using the proposition 3.4 we have the following identities:
where X α is the set of all HN types of weight α and Y α is the set of all HN types α = (α 1 , . . . , α l ) of weight α for which µ(α l ) < ∞. Note that 1 Let us denote by U S the completion of U in H S , that is,
). The aim in this section is to prove Theorem 3.6. For any α ∈ K + S , we have 1 ss α ∈ U. Remark. The proof is completely parallel to the non-parabolic case as shown in [S4] . The only difference in our argument is that we use the lexicographical order on our multidegree.
Proposition 3.7. For any α ∈ K + S we have 1 ss α ∈ U S . Proof. We may use Reineke's inversion formula (see [Rei] ) to write
where the sum ranges over all tuples β = (β 1 , . . . , β s ) of elements of K + S satisfying µ( s l=k β l ) > µ(α) for all k = 1, . . . , s. The above sum converges in H S . Since U S is a subalgebra of H S , the proposition will be proved if we can show that 1 α ∈ U S for all α. Furthermore, any parabolic coherent sheaf F
• of class F • = α can be decomposed into the direct sum of a parabolic vector bundle and a parabolic torsion sheaf. If α = (r, d, m) with m / ∈ D r , then there exist a locally subsheaf E where
Let us decompose F • = E Now we have to show that 1 ss α actually belongs to U and not only to U S . By proposition 3.7 there exists for all n an element v n ∈ H <n such that u n := 1 ss α + v n ∈ U. We may further decompose v n = α v n,α according to the HN type α. The set of α for which v n,α is nonzero is finite since v n ∈ H. To prove the theorem 3.6, we need the following two lemmas.
Lemma 3.8. There exists n << 0 such that for any HN-type α = (α 1 , . . . , α l ) of weight α satisfying µ χ (α 1 ) < n, we have µ χ (α i+1 ) − µ χ (α i ) > par deg(ω •,1 X ) for some 1 ≤ i ≤ l. Proof. Let α = (α 1 , . . . , α l ) be as above. We have par deg(α) = rank(α 1 )µ χ (α 1 ) + · · · + rank(α l )µ χ (α l ). If µ χ (α 1 ) < n and µ χ (α i+1 ) − µ χ (α i ) ≤ par deg(ω This is impossible for n sufficiently negative.
Lemma 3.9. Let F
• ∈ Coh w,S (X) be a parabolic coherent sheaf of class α and of HN type (α 1 , . . . , α l ). Assume that µ χ (α i+1 ) − µ χ (α i ) > par deg(ω It follows that
Hence the lemma will be proved once we show that ∆ β,γ (1
. But this last equation is a consequence of the fact that there exists a unique subsheaf of F
• of class γ, namely F • i+1 . Now we are ready to finish the proof of Theorem 3.6. Let us chosse some n ≪ 0 as in Lemma 3.8. Let A be the finite set of all α for which v n,α is nonzero and let α 0 be the lower boundary of the convex hull of elements of A. This implies ∆ β,γ (v n,α ) = 0 for all HN type α whose associated polygon does not pass throygh the point β. Furthermore, by Lemma 3.9 again, m • ∆ β,γ (v n,α ) = v n,α for any HN type α whose polygon does pass through β. Hence where Z β is the set of all HN types passing through β. Since u n belongs to U, which is stable under the coproduct, we deduce that α∈Z β v n,α belongs to U as well. Hence the same holds for u ′ n = 1 ss α + α / ∈Z β v n,α . Note that u ′ n constains strictly fewer terms than u n . Arguing as above repeatedly we obtain beter and better approximations of 1 ss α by elements of U until we arrive at 1 ss α ∈ U and the Theorem 3.6 is proved. The combination of Theorem 3.6 and Proposition 3.4 yields the following:
Corollary 3.10. For any HN type α we have 1 Sα ∈ U.
Remark. The above proof actually shows that U ∩ H = U.
